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Abstract: The joint probability distribution of wind speed and significant wave height in the 
Bohai Bay was investigated by comparing the Gumbel logistic model, the Gumbel-Hougaard (GH) 
copula function, and the Clayton copula function. Twenty years of wind data from 1989 to 2008 
were collected from the European Centre for Medium-Range Weather Forecasts (ECMWF) 
database and the blended wind data of the Quick Scatterometer (QSCAT) satellite data set and 
re-analysis data from the United States National Centers for Environmental Prediction (NCEP). 
Several typhoons were taken into account and merged with the background wind fields from the 
ECMWF or QSCAT/NCEP database. The 20-year data of significant wave height were calculated 
with the unstructured-grid version of the third-generation wind wave model Simulating WAves 
Nearshore (SWAN) under extreme wind process conditions. The Gumbel distribution was used for 
univariate and marginal distributions. The distribution parameters were estimated with the method 
of L-moments. Based on the marginal distributions, the joint probability distributions, the 
associated return periods, and the conditional probability distributions were obtained. The GH 
copula function was found to be optimal according to the ordinary least squares (OLS) test. The 
results show that wind waves are the prevailing type of wave in the Bohai Bay.     
Key words: wind speed; wave simulation; joint probability distribution; copula function; 
conditional probability distribution     
 
1 Introduction 
In recent years, offshore platforms have been widely used for oil and gas production in 
the Bohai Bay. Traditionally, univariate distributions are used to obtain design wind 
parameters and wave parameters with different return periods for the structures. However, as 
winds and waves are actually non-independent, bivariate joint probability distribution and 
conditional distribution may be more realistic. 
In ocean and coastal engineering, bivariate joint probability distributions of waves and 
winds have been investigated through the Poisson-mixed Gumbel distribution (Liu et al. 2002; 
Dong et al. 2003), Gumbel logistic model (Zhou and Duan 2003), Poisson bivariate logistic 
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distribution (Dong et al. 2005), and bivariate Pearson type III distribution (Dong et al. 2006). 
However, the marginal distributions are usually restricted to a certain type. Researchers have 
therefore introduced the copula function (Joe 1997; Nelsen 2006), which is capable of linking 
arbitrary marginal distributions to the joint probability distribution. As an efficient tool, the 
copula function has been applied widely in the financial sector, and recently in hydrology (De 
Michele and Salvadori 2003; Favre et al. 2004; Salvadori and De Michele 2004a, 2004b, 2006; 
De Michele et al. 2005; Grimaldi and Serinaldi 2006; Niu et al. 2009), whereas only a few 
studies on the copula-based joint probability distribution have been carried out for coastal and 
ocean engineering (Nerzic and Prevosto 2000; Wist et al. 2004; De Michele et al. 2007; Qin  
et al. 2007; Dong et al. 2011; Chen 2011). For the copula-based joint probability distribution 
analysis of extreme wave height and wind speed, Gumbel-Hougaard (GH) and Clayton 
copulas of the Archimedean copula family have been most commonly used. Qin et al. (2007) 
analyzed the wind-wave joint probability distribution in the South China Sea using the 
Clayton copula function. Dong et al. (2011) introduced the bivariate Gumbel Clayton copula 
distribution based on the Clayton copula function. Chen (2011) used bivariate copula functions 
to analyze the joint probability distribution of extreme wave height and wind speed in the 
Shanwei sea area. Several copula functions were compared and the GH copula function was 
found to be the optimal selection through goodness-of-fit tests. In general, the optimal 
distribution was related to the samples. Therefore, the objective of this study was to use the 
common distributions, such as the Gumbel logistic model, the GH copula function, and the 
Clayton copula function, to investigate the bivariate joint probability distribution and extreme 
values with certain return periods for winds and waves in the Bohai Bay.  
In order to investigate the joint probability distribution of winds and waves in the Bohai 
Bay, continuous wind and wave data for at least 20 years are required to calculate the 
probability distributions of extreme winds and waves. However, the measurements of sea 
surface wind over the Bohai Sea are too sparse to provide a wind field for this study. As a 
result, the wind data were obtained from the QSCAT/NCEP blended ocean wind data set 
(http://dss.ucar.edu/datasets/ds744.4/) and the ECMWF 40-year re-analysis data set (http://data 
portal.ecmwf.int/data/d/era40_daily/). Due to the increasing performance of computational 
resources, the numerical method may provide an alternative to the observed wave data. The 
well-established third-generation wind wave model Simulating WAves Nearshore (SWAN) 
(Booij et al. 1999) has played an important role in wind wave numerical modeling, and in 
recent years the model has been widely applied in the Yellow-Bohai Sea (Wang et al. 2004; Li 
and Bo 2005; Deng et al. 2007; Zheng et al. 2010). Recently, Zijlema (2010) proposed an 
unstructured mesh for SWAN, which can describe the complex coastal boundaries and offer a 
good alternative to the traditional structured-grid nested model. In this study, numerical simulation 
of wave processes during extreme wind processes in each year was carried out using the 
unstructured-grid version of the SWAN model for a 20-year duration from 1989 to 2008. 
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2 Joint probability distribution models 
2.1 Gumbel logistic model 
The Gumbel logistic model has been used in the fields of ocean engineering (Zhou and 
Duan 2003) and hydrology (Yue 2001), with the Gumbel distribution as the marginal 
distribution. It is expressed as follows:  
 ( ) ( )( ) ( )( ) )1, exp ln ln      1,mm mF x y F x F y m­ ½ª º= − − + − ∈ ∞ª® ¾ ¬¬ ¼¯ ¿  (1) 
where ( )F x  and ( )F y  are the marginal distributions of two random variables X  and Y , 
respectively; and m  represents the association between the two random variables, estimated as 
 ( )
1     0 1
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= ≤ ≤
−
 (2) 
where ρ  is the correlation coefficient and is expressed as 
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where Xμ  and Yμ  are the means of X  and Y , respectively, and Xσ  and Yσ  are the 
standard deviations of X  and Y , respectively. 
2.2 Copula function 
Copula functions are not restricted to a certain type of distribution like the marginal 
distribution. The Gumbel-Hougaard (GH) copula and the Clayton copula have been most 
commonly used in coastal and ocean engineering and performed well (Qin et al. 2007; Dong  
et al. 2011; Chen 2011) . 
The GH copula function is expressed as follows: 
 ( ) ( ) ( ){ } )1, exp ln ln      1,C x y x y θθ θ θª º= − − + − ∈ ∞ª¬¬ ¼  (4) 
 11τ
θ
= −   (5) 
where τ  is the Kendall’s correlation coefficient, and θ  is a parameter describing the 
dependency relationship between the two variables. 
The Clayton copula function is expressed as 
 ( ) ( ) ( )1, 1      0,C x y x y θθ θ θ−− −= + − ∈ ∞  (6) 
 
2
θ
τ
θ
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 (7) 
Based on the copula functions, the bivariate joint probability distribution is expressed as 
 ( ) ( ) ( )( ), ,F x y C F x F y=  (8) 
2.3 Return period and conditional probability distribution  
The return periods for the variables X  and Y  exceeding certain values are expressed, 
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respectively, as follows: 
 ( )
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=
−
 (10) 
The joint return period ( ),T x y  of either X  or Y  or both exceeding the 
corresponding values x  and y  ( X x> , Y y> , or X x>  and Y y> ) can be expressed as 
 ( ) ( )
1,
1 ,
T x y
F x y
=
−
 (11) 
The joint return period ( )0 ,T x y  of both X  and Y  exceeding the corresponding 
values x  and y  ( X x>  and Y y> ) is expressed as  
 ( ) ( ) ( ) ( )0
1,
1 ,
T x y
F x F y F x y
=
− − +
 (12) 
The conditional probability of X x≥  given that Y y≥  is expressed as  
 ( ) ( )( )
( ) ( ) ( )
( )
, 1 ,
1
P X x Y y F x F y F x y
P X x Y y
P X x F x
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≥ ≥ = =
≥ −
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The conditional probability of other conditions can also be calculated. 
3 Application 
3.1 Wind data 
The extreme wind processes and annual extreme wind speeds from 1989 to 1999 were 
taken from the ECMWF data (from September 1957 to August 2002) and the wind data from 
2000 to 2008 were taken from the QSCAT/NCEP data (from July 1999 to July 2009). The 
spatial resolutions of the QSCAT/NCEP and ECMWF data were 0.5° × 0.5° and 2.5° × 2.5°, 
respectively. The temporal resolution of both data sets was 6 h. According to the wind data 
time series from the Bohai Bay, extreme wind processes with greater wind speed and wind 
fetch length, as well as longer acting time, were selected for wave simulation.  
When comparing the extreme wind speed data from QSCAT/NCEP with those from 
ECMWF at the same place during the same extreme wind processes, values of most extreme 
wind speeds from QSCAT/NCEP were larger than those from ECMWF. Since the 
QSCAT/NCEP surface wind data were blended with the satellite-observed data, in order to 
unify these two sets of data, the ECMWF wind speeds should be modified. A linear relation, 
with a correlation coefficient of 0.70, was found between the extreme wind speeds from 
QSCAT/NCEP and ECMWF during the same period. It was demonstrated that the values of 
the wind speed from QSCAT/NCEP were 1.79 times those from ECMWF. 
Furthermore, during the entire 20 years, typhoons Ellie in 1994, Winnie in 1997, and 
Matsa in 2005 were taken into account because their paths were near the Bohai Bay and could 
probably cause extreme waves. The path, pressure, wind speed, and other information about 
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the typhoons were collected from the Zhejiang Real-Time Typhoon Data System 
(http://slt.zj.gov.cn/typhoneweb) and the Unisys Weather System (http://weather.unisys.com/ 
hurricane). The QSCAT/NCEP or ECMWF wind data, as the background wind field, were 
merged with the typhoon data to obtain the wind fields during typhoons.  
Both the QSCAT/NCEP and ECMWF wind data sets have been employed in atmospheric 
analysis (Tu and Yao 2010; Zhang et al. 2011). In this study, real-time wind data from the 
QK18 platform in the Bohai Sea (Fig. 1) and an observation station A with a water depth of  
50 m in the Yellow Sea (Fig. 1) were collected for verification. Comparison between the 
observations and the QSCAT/NCEP and ECMWF wind data are shown in Fig. 2. Both the 
QSCAT/NCEP and ECMWF wind data show reasonable agreement with the measured wind 
data. In addition, the observed wind data from the observation station B (with a longitude of 
122.3°E and a latitude of 27.3°N) in the East Sea during typhoon Matsa in 2005 were 
collected to verify the wind data under the condition of typhoons. Fig. 3 shows the comparison 
between the observations and the wind data merged by the QSCAT/NCEP data and typhoon 
data at station B. It demonstrates that the accuracy of the wind data during typhoon weather  
is acceptable. 
     
Fig. 1 Sketch map of Yellow-Bohai Sea and locations of observation stations and sampling point 
 
Fig. 2 Comparison of wind speed between observations and data from different wind databases at    
different observation stations 
 Xiao-chen YANG et al. Water Science and Engineering, Jul. 2013, Vol. 6, No. 3, 296-307 301
 
Fig. 3 Comparison of wind speed between observations and wind data merged by            
QSCAT/NCEP data and typhoon data at station B 
3.2 Wave simulation 
The wind wave model SWAN, which is based on the action balance equation (Booij et al. 
1999), was employed in this study. Several source and sink terms were included in the 
equation to take account of the processes that generate, dissipate, or redistribute wave energy. 
Recently, the unstructured-grid version of the SWAN model was presented by Zijlema (2010) 
with a vertex-based, fully implicit, finite difference method. The unstructured grid allowed for 
a locally refined grid and was more suitable for describing the irregular shoreline. Therefore, 
the unstructured-grid version of the SWAN model was used in this study. 
Zijlema (2010) selected two academic test cases and one realistic wind-sea case to show 
the correctness and numerical accuracy of the unstructured-grid version of the SWAN model. 
In this study, significant wave heights collected at the BZ28 platform in the Bohai Sea (Fig. 1) 
and station A in the Yellow Sea (Fig. 1) were compared with the simulated results and are 
shown in Fig. 4. The computation domain included the Yellow-Bohai Sea areas with an open 
boundary at a latitude of 37°N to give the waves a fully developed process. The model grid 
was locally refined at the Bohai Bay area, with a minimum size of about 350 m. The 
bathymetry was interpolated onto the grid and is shown in Fig. 1. Waves were driven by winds, 
 
Fig. 4 Comparison of measured and simulated significant wave heights 
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and the wind data from QSCAT/NCEP or ECMWF were used, as described in section 3.1. The 
time step was set at 10 min. The discrete frequency was set from 0.04 to 1.0 Hz, and the 
bottom friction was set at 0.01 m2/s3. The simulated significant wave heights fit well with the 
measured data, which further demonstrated the capability of the unstructured-grid version of 
the SWAN model. 
Using selected wind processes, the entire 20-year wave fields were simulated. We 
selected a sampling point (Fig. 1) on a 20 m-depth contour for further analysis. From the wind 
data and the simulated wave data, the annual extreme wind speed and the corresponding 
significant wave height, and the annual extreme significant wave height and the corresponding 
wind speed can be obtained and used in the analysis of univariate and bivariate joint 
probability distributions. 
3.3 Univariate analysis 
The annual extreme wind speed ( mV ) and annual extreme significant wave height ( smH ) 
were collected for univariate analysis. We used the Gumbel distribution for both mV       
and smH : 
( ) exp exp x
x
x uF x
α
ª º§ ·−
= − −« »¨ ¸« »© ¹¬ ¼
                       (14) 
where xu  and xα  are, respectively, the location and scale parameters of the Gumbel 
distribution and can be estimated with the method of L-moments.  
The univariate distributions of mV  and smH  are shown in Fig. 5, where P  is the 
cumulative frequency, and the univariate design factors for different return periods are shown 
in Table 1. 
 
Fig. 5 Univariate distribution of annual extreme wind speed and annual extreme significant wave height 
3.4 Bivariate analysis 
Two pairs of data, the annual extreme wind speed and the corresponding significant wave 
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Table 1 Design values of wind speed and significant wave height for different return periods 
Data pair 
Return period 
of marginal 
distribution 
T  (year) 
Joint return 
period 
( , )T x y  
(year) 
Joint return 
period 
0
( , )T x y  
(year) 
Univariate 
design factors 
Marginal design 
factors 
Joint design 
factors for 
( , )T x y T=  
V  
(m/s) 
sH  
(m) 
V  
(m/s) 
sH  
(m) 
V  
(m/s) 
sH  
(m) 
( m s,V H ) 
200 145 323 32.52 7.85 32.52 6.64 33.05 6.84 
100  72 161 30.85 7.22 30.85 6.00 31.61 6.29 
 50  36  80 29.19 6.58 29.19 5.36 29.88 5.63 
 20  15  32 26.96 5.74 26.96 4.51 27.69 4.79 
 10   7  15 25.24 5.09 25.24 3.85 25.99 4.13 
  5   4   7 23.44 4.41 23.44 3.16 24.20 3.45 
( sm ,H V ) 
200 139 357 32.52 7.85 31.00 7.85 32.07 8.17 
100  69 179 30.85 7.22 28.93 7.22 30.00 7.54 
 50  35  88 29.19 6.58 26.85 6.58 27.92 6.91 
 20  14  35 26.96 5.74 24.07 5.74 25.16 6.07 
 10   7  17 25.24 5.09 21.93 5.09 22.99 5.41 
  5   4   8 23.44 4.41 19.69 4.41 20.77 4.74 
height ( m s,V H ), and the annual extreme significant wave height and the corresponding wind 
speed ( sm ,H V ) were collected for bivariate analysis. The marginal distributions of wind speed 
and significant wave height were also estimated by the Gumbel distribution and are presented 
in Fig. 6.  
 
Fig. 6 Marginal distribution of wind speed and significant wave height 
The ordinary least squares (OLS) method was introduced to assess the joint probability 
distribution models. The OLS value ( OLS ) was estimated as follows: 
( )2e
1
1 n
i i
i
OLS P P
n
=
= −¦                            (15) 
where iP  and eiP  are, respectively, the theoretical frequency and empirical frequency, and n 
is the sample size. 
The OLS values for the Gumbel logistic model, the GH copula function, and the Clayton 
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copula function were 0.073, 0.065, and 0.066, respectively. The GH copula function was 
selected because it had the smallest OLS value. 
The three-dimensional diagram of the joint cumulative distribution function (CDF) and 
the contours of the joint return period ( , )T x y  for ( m s,V H ) are shown in Fig. 7 and Fig. 8, 
respectively. For each pair, assuming a same frequency of X  and Y , with a given return 
period T , the joint design wave height and wind speed can be obtained. Results of marginal 
and joint design waves and winds as well as the joint return periods for both data pairs are 
shown in Table 1.  
   
Fig. 7 Three-dimensional diagram of joint cumulative     Fig. 8 Joint return period ( , )T x y  contours    
distribution function for ( m s,V H )                       for ( m s,V H ) (Unit: year) 
According to Table 1, the marginal return period is larger than the joint return period 
( ),T x y , but smaller than ( )0 ,T x y . The joint design wave height and wind speed have larger 
values than the marginal design factors. Compared with the univariate distribution, for 
( m s,V H ), the joint design wind speeds are 1.6% to 3.2% larger than the univariate design wind 
speeds and the joint design wave heights are 12.9% to 21.8% smaller. However, this is 
reversed for ( sm ,H V ), where the joint design wind speeds are 1.4% to 11.4% smaller and the 
joint design wave heights are 4.1% to 7.5% larger. 
The conditional probability distribution is necessary because it provides information on 
the encounter probability of two conditions. From Table 2 and Table 3, for ( m s,V H ), the 
encounter probability of the conditions with the same frequency is larger than 62%, and for 
Table 2 Conditional probability of mV x≥  given sH y≥  for ( m s,V H ) 
mV  
(m/s) 
P   
(%) 
Conditional probability (%) 
s 6.64 mH =
0.5%P =  
s 6.00 mH =  
1%P =  
s 5.36 mH =
2%P =  
s 4.51 mH =
5%P =  
s 3.85 mH =  
10%P =  
s 3.16 mH =  
20%P =  
32.52 0.5  62.0 40.0 23.0  9.8  4.9  2.5 
30.85  1  80.0 62.0 40.5 18.6  9.7  5.0 
29.19  2  92.0 81.0 62.5 34.2 18.8  9.8 
26.96  5  98.0 93.0 85.5 63.4 41.2 23.3 
25.24 10  98.0 97.0 94.0 82.4 64.8 42.3 
23.44 20 100.0 99.0 97.5 93.2 84.6 67.6 
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Table 3 Conditional probability of smH x≥  given V y≥  for ( sm ,H V ) 
smH  
(m) 
P   
(%) 
Conditional probability (%) 
31.00 m/sV =
0.5%P =  
28.93 m/sV =  
1%P =  
26.85 m/sV =
2%P =  
24.07 m/sV =
5%P =  
21.93 m/sV =  
10%P =  
19.69 m/sV =  
20%P =  
7.85 0.5 56.0 37.0 21.5  9.4  4.8  2.5 
7.22  1 74.0 56.0 37.0 17.8  9.4  4.9 
6.58  2 86.0 74.0 56.5 31.6 17.9  9.5 
5.74  5 94.0 89.0 79.0 57.6 38.1 22.2 
5.09 10 96.0 94.0 89.5 76.2 59.2 39.5 
4.41 20 98.0 97.0 95.0 88.8 78.9 62.6 
( sm ,H V ), it is larger than 56%. For ( m s,V H ), the encounter probability between large design 
wind speed and small design wave height is very small. Also, the probability of large design 
wave height encountering small design wind speed is small for ( sm ,H V ). It is demonstrated 
that wind waves are prevailing in the Bohai Bay, with strong waves always encountering 
strong winds. This is consistent with the research of Wang et al. (2004) and Deng et al. (2007). 
4 Conclusions 
Based on the ECMWF and QSCAT/NCEP wind data and the wave data simulated by the 
unstructured-grid version of the SWAN model for 20 years, a univariate distribution and a 
bivariate joint probability distribution were applied to the calculation of the design wind 
speeds and wave heights with different return periods in the Bohai Bay. The method is robust 
because the wind data and the simulated wave results were well matched with the measured 
data. The joint return periods, joint design factors, and conditional probability distribution 
were obtained. This study provides more information for the choice of the design factors in the 
Bohai Bay. The main conclusions are as follows:  
(1) According to the comparison of the Gumbel logistic model, the GH copula function, 
and the Clayton copula function, the OLS value of the GH copula function was the smallest, 
which demonstrated that the GH copula function was optimal for the present samples. 
(2) According to the comparison of the bivariate joint probability distribution and the 
marginal distribution, it can be seen that the joint return period of either wind speed or wave 
height or both exceeding certain values is smaller than the marginal return period, and the joint 
return period of both wind speed and wave height exceeding certain values is larger than the 
marginal return period. The joint design wave heights and wind speeds are both larger than the 
marginal design values. 
(3) According to the comparison of the bivariate joint probability distribution and the 
univariate distribution, it can be seen that for data pairs of the annual extreme wind speeds and 
the corresponding significant wave heights, the joint design wind speeds are larger than the 
univariate design wind speeds and the joint design wave heights are smaller. This is reversed, 
however, for data pairs of the annual extreme significant wave heights and the corresponding 
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wind speeds. 
(4) The conditional probability for both data pairs shows that the encounter probability of 
the conditions with the same frequency is larger than 56%. The probability of small design 
wind speeds encountering large design wave heights is very small, and the encounter 
probability between small design wave heights and large design wind speeds is also small. 
According to the conditional distribution, wind waves are regarded to be prevailing in the 
Bohai Bay. 
(5) Though the accuracy of wind data used in the present study was acceptable, an 
improvement in resolution would yield better results. Wind data calculated by an atmospheric 
model with better wind data sets, newly available, will be carried out in future studies. 
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